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Commensurability oscillations in the antidot lattice in a quasi-three-dimensional electron gas
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A three-dimensional electron billiard system is obtained by patterning a rectangular array of cylindrical
voids in GaAs/AlxGa12xAs parabolic quantum wells containing a high mobility quasi-three-dimensional elec-
tron gas. Resistivity (Rxx) measurements reveal anomalous broadened peaks in the low-field magnetoresis-
tance, in a similar way as measurements in two-dimensional antidot systems.Rxx in a tilted magnetic field
show that commensurability peaks transform continuously to different kinds of peaks that we attribute to
geometrical resonances between the cyclotron radius (Rc) and the well width (W).
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Up to date, most of the experimental and theoreti
works, referring to electron billiards in semiconductor h
erostructures, have been done in two-dimensional system1,2

However, very few works concerning three-dimension
electron billiards have been done, especially, in the exp
mental research. On the other part, some numerical resul
the stability of classical trajectories in fully chaotic and e
godic three-dimensional billiard systems have been rece
published.3,4 The three-dimensional electron gas~3DEG!5 is
another interesting physical system that can also be use
study the manifestations of quantum chaos in conden
matter physics. Recently its experimental realization
been accomplished in the so-called parabolic quantum w
~PQW!.6 These systems contain a wide layer of unifor
low-diluted, and highly mobile carriers, with strong electro
electron interaction. The introduction of an artificial array
cylindrical voids in a PQW sample approaches a thr
dimensional electron billiard system and can be regarded
natural extension of the study of the chaotic electron dyna
ics in condensed matter physics. This construction can
used to study the transition between the two-dimensional
three-dimensional chaotic electron dynamics, as well as
influence of the electron-electron interaction. In this Br
Report we report the fabrication and characterization of re
angular arrays of cylindrical antidots in parabolic quantu
wells with well width W52000 Å, and different lattice pe
riod a. As in the case of antidots, in two-dimensional sy
tems, a mixed electron dynamics is observed. We perf
low-temperature magnetotransport measurements and f
that, at low field, the resistivityRxx is enhanced and com
mensurability oscillations appear. Two rather broad peaks
distinguished and the most prominent one corresponds to
commensurability conditionRc5a/2, whereRc is the cyclo-
tron radius. Longitudinal resistivity measurements, in a til
magnetic field, demonstrate that these oscillations do
shift continuously towards the higher values of the field as
the case of antidot lattices in two-dimensional systems.
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A type of three-dimensional electron billiard system c
be obtained by patterning a rectangular array of cylindri
voids in the AlxGa12xAs/GaAs PQW. A cylindrical void is a
convex dispersive boundary center where close electron
bits begin to diverge exponentially after first few collision
As in the case of two-dimensional antidots, in the prese
of perpendicular magnetic field, the coexistence of regu
and chaotic orbits may be expected. If we definez as the
direction perpendicular to the plane of the sample surfa
electrons are confined by the parabolic potential along
direction and are free to move along thex-y plane. Figure
1~a! shows a schematic view of a multilayered semicond
tor structure containing a PQW, with an imposed array
artificial cylindrical scatterers.d represents the lithographi
antidot diameter,a the artificial lattice period, andW the
width of the layer corresponding to the well. Figure 1~b!
represents the three-dimensional real space region of
sample where the electrons are free to move. This regio
limited by the interfaces corresponding to the barriers of
PQW and the cylindrical voids, which generate an array
potential pillars. The antidot samples were fabricated from
high-mobility GaAs/AlxGa12xAs PQW, grown by molecular
beam epitaxy with the next configuration: over a~100! semi-
insulating GaAs substrate was deposited a 1.0-mm GaAs
buffer layer, followed by 20 AlAs5GaAs10 periods~where 5
and 10 stand for the number of monolayers of each mater!.
Over this superlattice was grown an undoped 8000 Å Ga
layer followed by 500 Å of AlxGa12xAs with x varying from
0.07 to 0.27. Then follows, a 1000-Å Al0.3Ga0.7As layer, a
Si-delta layer, a 100-Å undoped Al0.3Ga0.7As spacer, and the
2000-Å parabolic well with composition variation 0,x
,0.19. After the well come again a 100-Å undope
Al0.3Ga0.7As spacer, the Si-delta layer, and a 400
Al0.3Ga0.7As layer. Finally a 100-Å GaAs cap was deposit
on the surface. After growing, a 50-mm-wide Hall bar was
patterned for each sample by means of conventional te
niques, a rectangular array (100350 mm) of cylindrical-
shaped artificial scatterers were superimposed over
©2003 The American Physical Society08-1
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Poly~methyl methacrylate! layer of each bar through hig
energy electron-beam lithography. The antidot lattice per
a was chosen to be 0.6, 0.7, and 0.8mm for each sample
The antidot pattern was transferred across the AlGaAs p
bolic well by plasma etching. The physical diameter of t
antidots,d, is approximately 0.1mm.

Experimental magnetotransport measurements were
formed at the temperature of 1.4 K; we employed lock
technique for detection, with an ac not exceeding 1026 A,
the distance between longitudinal potentiometric probe
100 mm. Longitudinal and transversal resistances were
multaneously recorded for different angles between the m
netic field and the substrate plane, using anin situ system for
rotation of the samples.Q590° corresponds to perpendicu
lar configuration andQ50° corresponds to the magnet
field parallel to the sample surface. The designed thr
dimensional pseudochargen15n3D , of the 2000-Å PQW, is
2.1 1016 cm23, which corresponds to the classical width
the 3DEG slab ofWe5Ns /n3D51900 Å. A direct compari-
son between longitudinalRxx and transversal resistanceRxy ,
from the patterned and unpatterned regions of the sam
can be done due to the Hall device geometry. The elec
mobility me , in the region of the samples without antido
ranges between 4.3 104 cm2/V s to 5.8 104 cm2/V s, and the

FIG. 1. ~a! Scheme of a GaAs/AlxGa12xAs heterostructure con
taining a lattice of cylindrical voids, transferred across the well a
the barrier layers.~b! Real space region, corresponding to the we
electron slab, where the electron dynamics develops.
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electron mean-free-pathl, varies between 0.2 and 0.3mm.
According to these data the electron transport in our sam
can be treated in the quasiballistic regimeW, l ,L, whereL
is the channel length of the Hall bar. Table I summarizes
transport data for each of our samples. When submitted
perpendicular magnetic field, the resistivity from the p
terned region of the samples shows an enhancement at a
field, which is accompanied by two rather broad peaks an
negative magnetoresistance. Figure 2~a! shows the longitudi-
nal resistivity Rxx at 1.4 K from the two regions of the
sample with periodicitya50.8 mm.

The two commensurability peaks are located at the p
tions corresponding toRc5a/2 ~which we refer as main
commensurability peak!, andRc'2.4a. From the condition
Rc5a/2, we obtain the Fermi velocity of the electrons th
contribute to the resistivity peaks. Figure 2~b! shows the re-
sistivity for the PQW sample with array periodicitya
50.7 mm, the commensurability peaks correspond to
conditionsRc5a/2 andRc'1.9a. The increment on the re
sistivity reduces the electron mobility to'2.3 103 cm2/V s.
By comparison with resistivity measurements in the unp
terned region of the samples we can observe that comm
surability oscillations do not exist in absence of the cylind
cal voids. At the inset, we show the normalize
magnetoresitance with respect to the field atB50 T and to

d

FIG. 2. Experimental magnetoresistanceRxx at 1.4 K from the
patterned and unpatterned regions of the same PQW sample~a!
The antidot lattice period isa50.8 mm, and~b! The antidot lattice
period isa50.7 mm.

TABLE I. Commensurability peak position in perpendicul
magnetic field, electron concentration, electron mobility, mean-fr
path, and three-dimensional Fermi energy for each sample pe
icity.

a(mm) 0.6 0.7 0.8

peak1(T) 0.18 0.15 0.15
peak2(Rc /a) 1.8 1.9 2.4
n1(*1016 cm23) 2.2 2.3 2.5
me(*104 cm2/V s) 5.8 4.3 5.0
EF(meV) 4.3 4.4 4.7
l (mm) 0.3 0.2 0.3
8-2



th
n
un
si
w

m
ns
th
ilit
e
lo
in

, a
-
p

en

fo
,
de

n
it
t
a
th
ys
fo

e
fo

be

o
co
he
na
b
ic
G

oid
n

ar
et
w
r

ol
e
e
to
on
os
-
h
e

n-
in
gle
le
id

etic
iod
e
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the magnetic field that produces a cyclotron diameter
matches the artificial lattice period, we applied a small a
additional dc to suppress the weak localization peak aro
B50 T. In this way it is possible to observe the exact po
tion of the peaks. Through self-consistent calculations
obtain five occupied subbands for the designed densityn3D ;
in the case of independent two-dimensional subbands it
be possible to expect the observation of several comme
rability peaks; however, the strong scattering between
subbands may result in a single main commensurab
peak. In order to analyze the influence of the thre
dimensional electron gas on the observed structures at
field, we performed magnetoresistance measurements
tilted magnetic field.

Figure 3~a! shows the magnetoresistance oscillations
1.4 K, for different anglesQ, between the field and the sub
strate plane, for the patterned region of the PQW sam
with a50.6 mm. Figures 3~b! and 3~c! show the three-
dimensional representation of the evolution of the comm
surability peaks depicted in part~a!, seen from the front and
back sides, in order to observe all the details of this trans
mation. In the presence of perpendicular magnetic fieldQ
590°, we observe two commensurability peaks, the wi
corresponds toRc5a/2 and the other toRc'1.8a. Accord-
ing to the position of the peaks there is a corresponde
with the measurements in two-dimensional systems w
single subband occupation. When the parallel componen
the magnetic field is increased, the commensurability pe
are continuously shifted towards the higher values of
field, as it may be expected for two-dimensional antidot s
tems, in the presence of a tilted magnetic field. However,
certain values of the angleQ, the peaks deviate from th
@sin(Q)#21 dependence and begin to suffer a sudden trans
mation to a new kind of peaks~also see Fig. 4! that we
attributed to size effects due to the commensurability
tween the cyclotron radius and the well width.7

This behavior is opposite to the case of antidots in tw
dimensional systems where the shift of the peaks extend
tinuously to higher values of the magnetic field, this is t
main difference between the dynamics of two-dimensio
and three-dimensional antidot lattices. This anomalous
havior can be explained with the assumption of a geometr
model, which can help confirm the existence of a 3DE
Figure 5 on top shows a schematics of a cylindrical v
scaled in terms of the artificial lattice period, the dimensio
correspond to an antidot witha50.6 mm on the 2000 Å
PQW sample. Physically the two ends of the cylinder
bounded by the interfaces of the well. When the magn
field is applied perpendicular to the surface of the sample
may assume, disregarding imperfections, that the transve
cross section of the void is exactly a circle. When the wh
sample is tilted with respect to the field vector, the transv
sal cross section of the cylindrical scatterer, which is perp
dicular to the field, changes continuously from circular
elliptical up to certain point where the elliptical cross secti
reaches the diagonal of the void. In this situation the cr
section makes an angleQ'27° with the magnetic field vec
tor, as shown on the sequence, at bottom of Fig. 5. T
construction suggests that the variation of the in-plane s
11330
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tion of the void, from circular to elliptical, must be respo
sible for the continuous shift of the position of the ma
commensurability peak only, up to certain values of the an
Q. From the figure it is possible to infer that when the ang
Q is '27°, the regular electron orbits pinned by the vo

FIG. 3. ~a! Magnetoresistance measurements in a tilted magn
field for the patterned region of the PQW sample with lattice per
a50.6 m. ~b! and ~c! Three-dimensional representation of th
curves shown in part~a!.
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cannot be formed anymore and instead the electron dyna
becomes dominated by geometrical resonances betwee
cyclotron radius and the well width. It is important to no
that, in the region betweenQ527° andQ50°, the com-
mensurability oscillations between the cyclotron radius a
the void cross section are destroyed, while the geometr
resonances between the cyclotron radius and the well w
increases continuously, reaching its maximum value w
the magnetic field is completely parallel to the plane of
electron gas. The classical electron dynamics in antidot
tices in PQW, under the influence of perpendicular magn
field, can be obtained from the single particle Hamiltonia
H5(1/2m* )(pW 2eAW )21UAD(x,y)1Uw(z), wherepW is the
momentum vector,AW 5(2By/2,Bx/2,0) is the symmetric
vector potential,e is the electron charge,m* is the electron
effective mass,UAD(x,y) is the antidot potential,2 and
Uw(z) is the confining potential alongz direction. The mo-
tion in thex-y plane and inz direction can be treated inde
pendently, due to a separation of the degrees of freedom
the electron motion is unbounded on thex-y plane, we ob-
serve that the electron dynamics, in the presence of per
dicular magnetic field, retains essentially similar characte
tics as the correspondent dynamics in two-dimensio
billiard systems. The resulting three-dimensional motion i
combination of a two-dimensional chaotic motion with t
completely integrable motion alongz direction. Furthermore
the uncoupling of the motion also leads to a chaotic mot
in the x-y plane for different energiesEz , whereEF5Ex2y
2Ez , EF is the Fermi energy,Ex2y is the in-plane energy

*Also at INSA-Toulouse, 31077, Cedex 4, France and Institut U
versitaire de France, Toulouse, France.
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FIG. 4. Shift of the main commensurability peak as a funct
of angleQ, between the surface plane and the magnetic field vec
These data were extracted from Fig. 3. The solid line represent
@sin(Q)#21 dependence observed in two-dimensional anti
systems.
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and Ez is the energy along z direction. As Rc

5(1/eB)A2m* Ex2y, the amplitude of the commensurabilit
peaks get smeared out due to energy averaging; this ma
the reason for the broadening of the peaks, which was
served in the experiments. In summary, the achievement
three-dimensional electron billiard system has been acc
plished in this work, through the patterning of arrays of c
lindrical voids, on AlxGa12xAs/GaAs PQW semiconducto
heterostructures. This construction can be introduced a
tool to extend the study of chaotic electron dynamics,
condensed matter physics, to the systems with a hig
dimensionality.
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FIG. 5. On top we show the schematics representation o
cylindrical void, with its dimensions scaled in terms of the antid
lattice a, for a 2000-Å PQW sample. At bottom, variation of th
shape of the transversal cross section of the void in relation to
direction of the magnetic field vector.
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