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Geometrical resonance in the resistivity of wide quantum wells
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Abstract

We studied size-e5ects in wide parabolic quantum wells by measuring the low 7eld magnetoresistance in perpendicular
and parallel magnetic 7eld con7gurations. We have also studied the evolutions of the resistivity oscillations as a function of
the electron sheet density NS, by in situ illumination of the samples at the temperature of 1:5 K. We observed the maximum
in the resistivity in the perpendicular magnetic 7eld when the cyclotron radius was equal to the width of the electronic slab
Rc = We. It allows to determine the width We as a function of the electron density. The oscillation amplitude decreases
with NS, which can be attributed to the increase of the probability of electrons to be specularly re;ected by the boundary
with increase of the electron slab width. In parallel magnetic 7eld we also found oscillations corresponding to Rc ≈ We

and Rc=We ≈ 2:2 in agreement with quantum-mechanical calculations of the size e5ects in narrow quantum wires. ? 2002
Elsevier Science B.V. All rights reserved.
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1. Introduction

The electrical resistivity of thin metallic 7lms in
the presence of magnetic 7eld is strongly in;uenced
by geometrical factors, especially when the electron
mean free path l is comparable with the specimen
dimensions. Experimentally, two types of con7gura-
tions are well documented in literature, the 7rst refers
to magnetoresistance measurements, performed with
the magnetic 7eld vector transverse to the plane of the
sample and also to the current (Sondheimer con7g-
uration) [1]. The second type of con7guration corre-
sponds to the case of measurements performed with
the magnetic 7eld directed along the plane of the 7lm
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surface (MacDonald–Sarginson con7guration) [2].
According to the work of Sondheimer, the resistivity
of the 7lm placed in perpendicular magnetic 7eld
reveals oscillations with successive maxima occur-
ring for Rc = nW , where Rc is the cyclotron radius,
W is the 7lm thickness, and n = 1; 7; 13; 19; : : : : For
the case of 7lms placed in parallel magnetic 7eld, a
single peak is found at a position corresponding to
Rc=W≈1:8 [2]. Thin 7lms, in the presence of in-plane
magnetic 7eld, resemble narrow quantum wires in
perpendicular 7eld, in the sense that both have larger
mean free path than the smallest dimension of the
sample, therefore, similar features have also been
found in the magnetoresistance of wires [3]. Such
galvanomagnetic phenomena in thin metal 7lms and
also in quantum wires have been attributed to the
combined in;uence of the magnetic 7eld and surface
roughness scattering [4].
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Parabolic GaAs=AlGaAs quantum wells con-
tain the quasi-three-dimensional electron gas with
high mobility and low electron density. The well is
characterized by three parameters: the height of
parabola 	1

∼= 200 meV, the width of the parabola
W = 4000 IA, and the height of the AlGaAs barrier
	2

∼= 22 meV. The parabolic variations mimic the po-
tential of a uniform positive three-dimensional charge
n+, which is proportional to the curvature of the grown
parabolic potential, which is approximately given by
n+ = 2	1
=�e2W 2 [5,6], where 
 is the static dielec-
tric constant and e is the electron charge. Electrons
from the doped barriers will attempt to screen this
pseudo-charge until equilibrium condition is reached.
The width of the electronic slab We depends on the
electron density into the well We = NS=n+. (We

∼= W
when the well is full). The small Fermi energy of these
systems, in comparison with metals, allows to study
electron–electron correlation in three-dimensional
systems. The selective doping of these heterostruc-
tures highly reduces the ionized-impurity scattering
creating an almost ideal medium with low disorder to
study size-e5ects in these systems. Strong manifesta-
tions are expected, because of the larger mean free
path of the electrons, which can produce geometrical
resonance by the interaction of the carriers with the
boundaries of the samples before su5ering internal
collisions.

2. Results and discussion

In this work we report the observation of size-e5ects
in the low 7eld longitudinal magnetoresistance (Rxx)
of very wide GaAs=AlGaAs parabolic quantum
wells (PQW), with high mobility and low electron
density, placed in perpendicular (� = 90◦), tilted
(0◦¡�¡ 90◦), and parallel magnetic 7eld (�=0◦),
con7gurations. We also performed measurements,
for each of the previous cases, with a systematic
variation of the electron sheet density NS, by in situ
illumination of the samples at the temperature of
1:5 K. For our study, GaAs=AlxGa1−xAs parabolic
quantum well samples with 2000; 4000, and 6000 IA
were grown by molecular beam epitaxy. The electron
densities NS in the dark are 3:9×1011, 1:69×1011, and
2:9×1011 cm−2 for the samples with 2000, 4000, and
6000 IA, respectively. After growth, substrate with

PQW was processed into four terminal Hall bars. The
distance between voltage probes was 100 �m, and
the width of each bar was 50 �m. The measurements
were performed using a superconductor magnetic
system, with an AC current not larger than 10−6 A.
For detection we used a lock-in technique and a chart
recorder system.
For the case of the measurements performed with

the magnetic 7eld transversal to the surface of the
sample and also to the electric current, stronger man-
ifestations of size e5ects were observed in the case of
the 4000 IA PQW. For this sample, the three dimen-
sional pseudo-charge n+ is 7; 1×1015 cm−3. Under
illumination, the electron sheet density NS into the
well is ∼1:69×1011 cm−2, and the electron mobil-
ity is �e = 1:08×104 cm2=V s. By e5ect of a step
illumination, the electron concentration is steadily
increased, by persistent photo-conductivity, until the
PQW is full. In this case, the electron mobility is
�e = 1:2×104 cm2=V s, and the sheet concentration
into the well is NS = 3:0×1011 cm−2, which cor-
responds to an e5ective electron slab width We of
∼4000 IA. In Fig. 1, we show the results of magne-
toresistance measurements for di5erent electron den-
sities in perpendicular magnetic 7eld. We observe the
maximum in the resistivity in perpendicular magnetic
7eld when the cyclotron radius is equal to the width
of the electronic slab Rc=We, for a better presentation
of the results, all curves were normalized in relation
to the longitudinal resistance in zero magnetic 7eld.
The curve on the upper part of the 7gure corresponds
to the electron concentration under illumination, each
of the next curves corresponds to a one step of illu-
mination. The curve on the lower part corresponds to
the case when the well is full.
From the 7gure we observe that the oscillation am-

plitude decreases with the increment of NS, it allows
to determine the widthWe as a function of the electron
density, which is shown in the inset of Fig. 1. This
e5ect can be attributed to the increase of the prob-
ability of specular re;ection of the electrons, by the
boundaries of the sample when the electron slab width
becomes wider. In order to prove these arguments,
we performed numerical calculation of galvanomag-
netic oscillations based on Sondheimer theory. Ac-
cording to Sondheimer when a thin 7lm is placed in
a con7guration with the magnetic 7eld applied in a
direction which is perpendicular to the 7lm plane, and
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Fig. 1. Low 7eld magnetoresistance for the 4000 IA PQW, taken at
1:5 K, for di5erent electron concentrations (perpendicular magnetic
7eld con7guration). Inset, e5ective electron slab width vs. NS.

to the direction of the electric current, the ratio of the
resistivity 1=� to that of the bulk sample 1=�0 is given
by [1]

�0
�

=
Re{�(s)}

k
(1)

with

1
�(s)

=
1
s
− 3

2s2
(1− p)

×
∫ ∞

1

(
1
t3

− 1
t5

)
1− e−st

1− pe−st dt (2)

and s ≡ k+i�; k ≡ a=l, and � ≡ a=Rc, where Re{�s}
stands for the real part of�s, a is the 7lm thickness, l is
the mean free path, Rc is the classical cyclotron radius,
and p is the specular parameter which is zero for the
case of total di5use scattering. For our calculation we
substitute the parameter a by the e5ective electron slab
width We.
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Fig. 2. Comparison between the normalized low 7eld magneto-
resistance of Fig. 1, plotted as a function of the ratio of the well
width a, to the cyclotron radius Rc, and the calculated resistivity
obtained for the application of Sondheimer theory (perpendicular
7eld con7guration).

Fig. 2, shows the comparison between the normal-
ized low 7eld magnetoresistance curves of Fig. 1, and
the results of the calculations performed with the aid
of the Sondheimer model. From the experimental data
of Fig. 1 we obtained the Fermi energy and the trans-
port mean free path l for each stage of illumination;
this allow us to obtain the experimental values of the
parameter �. With these experimental values of �, we
calculated the resistivity for each electron concentra-
tion using p as a parameter and the results are shown
in Table 1. From our results, we observe an increase on
the probability of the electrons to su5er specular re;ec-
tion, with the boundaries of the parabolic well, when
the well is being 7lled. For NS = 1:69×1011 cm−2,
we have 42% of di5usive scattering, as the electron
slab width increases, this amount falls until reaching a
value of only 10%when the well is full. Self-consistent
calculations, performed, for our samples, show that
when the well is full, the electron slab has an almost
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Table 1
Parameters obtained from the experimental measurements and
specular parameter p obtained by 7tting

NS×1011 We l � p
(cm−2) ( IA) (10−7 m) exp.

1.69 2330 7.2 0.32 0.58
2.16 2979 7.4 0.40 0.50
2.56 3531 8.1 0.43 0.63
2.76 3807 9.8 0.40 0.77
2.90 4000 12.7 0.31 0.89

uniform distribution across the whole thickness of the
well. This condition together with the low probability
of electrons su5ering internal collisions with ionized
impurities, greatly increases the amount of specular
back-scattering, this shows that the boundary scatter-
ing in wide AlGaAs=GaAs quantum wells has a pre-
dominant specular character due to the conservation
of the electron longitudinal momentum, even, after
several collisions with the sample edges. This is also
in agreement with recent experiments performed in
Ref. [7].
We have also performed magnetoresistance mea-

surements for the case of magnetic 7eld applied in the
direction of the sample surface. In order to do this we
varied, gradually, the in-plane component of the mag-
netic 7eld, from perpendicular to parallel con7gura-
tions. Fig. 3 shows the results of these measurements,
for the case of NS = 2:16×1011 cm−2, as was shown
in Fig. 1, there is a single resonance peak located at
Rc=We = 1 in the perpendicular magnetic 7eld. When
we begin to increase, gradually, the in-plane compo-
nent of the 7eld, we observe a splitting of the single
resonance peak in two peaks when� ≈ 45◦, however,
the position of the 7rst peak is maintained. Hereafter,
for lower values of �, the peaks do not shift anymore
and when the sample is in parallel magnetic 7eld the
two peaks are located at Rc=We = 1, and Rc=We

∼= 2:2.
These two peaks were also observed in the 2000 IA
[8], and 6000 IA PQW samples placed, also, in parallel
7eld.
For parallel con7guration classical theory, based on

classical electron trajectories and di5use scattering at
the surface of thin 7lms, it was possible to reproduce
only single magnetoresistance peak at Rc=W ≈ 1:8.
Quantum-mechanical calculations have only been re-
ported for the resistivity of 7lms only in the absence
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Fig. 3. Evolution of the anomalous magnetoresistance peaks, in
tilted magnetic 7eld at 1:5 K, for the 4000 IA PWQ sample. For
this case the electron concentration is 2:6×1011 cm−2.

of magnetic 7eld or in perpendicular B. However, as
mentioned at the introduction, the metal 7lms in par-
allel 7eld resemble narrow wires in a perpendicular
7eld, therefore, we can use the recent results obtained
for resistivity of quantum wires [4]. The essential in-
gredient of the quantum mechanical model is also the
boundary roughness scattering. For wires, with ef-
fective width W=�F = 3 (�F: Fermi wavelength), the
calculations reproduce the single magnetoresistance
peak at Rc=W ≈ 1:8, observed in narrow wires with
di5use wall scattering [3]. Moreover, for wider wires
with width W=�F =5:5, the additional peak at Rc=W ≈
0:9 has been predicted, which is not seen clearly in
experiment [3]. This second peak is probably more
sensitive to the shape of the con7ning potential and
tends to be smeared out when con7nement becomes
softer. In parabolic quantum well in parallel 7eld, we
are able to see both peaks predicted for quantum wires.
However, the exact position of peaks correspond to
Rc=We ≈ 2:2 and 1, which is 10–20% smaller than
predicted for quantum wires. This discrepancy is not
clear for us, and demands further quantum mechanical
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calculations of the resistivity of 7lms in the presence
of the in-plane magnetic 7eld.
In summary, we have studied the anomalous

low-7eld magnetoresistance in wide PQW. From the
experimental data, for perpendicular con7guration,
we show the specular character of the boundary scat-
tering in these systems through a comparison with
a simple analytical model for magnetoresistance in
thin 7lms. For parallel con7guration we report the
observation of two peaks, located at Rc=We = 1 and
2:2, which is in accordance with quantum mechanical
calculations of the resistivity of wires with boundary
roughness scattering.
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