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Abstract

Shubnikov–de Haas (SdH) oscillations induced by the small additional perpendicular �eld are investigated in over�lled
parabolic quantum well in the presence of the parallel magnetic �eld. The dispersion relation of the in-plane electron motion
has a double minimum in contrast to the harmonic-oscillator model. Landau levels belonging to the additional subband
minima are responsible for the observed behaviour of the SdH oscillations. ? 2000 Elsevier Science B.V. All rights reserved.
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1. Introduction

The parabolic con�ning potential is realized and
investigated in many semiconductor low-dimensional
devices such as quantum wells, wires and quantum
dots. Theoretically, parabolic potential has attracted
very much attention, since the energy spectrum can
be calculated exactly within the harmonic-oscillator
model. One of the example is the energy spectrum
of the two-dimensional electrons, which are con�ned
in the z direction by the parabolic potential in the
presence of the in-plane magnetic �eld, and energy
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levels of the quasi-one-dimensional electrons in quan-
tum wires subjected to perpendicular B. In this case
the energy spacing can be solved explicitly, and each
level is the hybrid electric-Landau subband [1]. Mag-
netoresistance reveals oscillations with B, which are
due to the depopulation of subbands by the magnetic
�eld and therefore, they resemble the conventional
Shubnikov–de Haas oscillations. Depopulation of the
subbands in a wide parabolic quantum well under
in-plane magnetic �eld has been studied in Ref. [2].
Depopulation of levels in quantum wire in perpen-
dicular magnetic �eld has been observed in Ref. [3].
However, we should note that an over�lled parabolic
well should resemble a partially �lled square well,
and therefore harmonic-oscillator model is not valid
more for realistic wide parabolic well. The calcula-
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Fig. 1. Schematic representation of the subband energies of a
parabolic quantum well as a function of the Femi vector in the
presence of the in-plane magnetic �eld.

tion of the fully self-consistent electronic structure
of a over�lled parabolic quantum well and symmet-
ric and asymmetric square quantum wells in the pres-
ence of the in-plane magnetic �eld has been done in
Refs. [4,5]. It has been shown that the electron subband
possesses the two local minima at �nite Fermi vector
on the dispersion curve. Fig. 1 shows schematically
subband energies of a parabolic quantum well as a
function of Fermi vector in the presence of the in-plane
magnetic �eld. So when the Fermi level passes through
this subband bottom one expects to observe two peaks
in the magnetoresistance instead of the single peak for
the pure parabolic con�ning potential case. Anoma-
lous dispersion law with two local minima can be an-
alyzed from Shubnikov–de Haas oscillations induced
by su�ciently small additional perpendicular �eld. For
ordinary parabolic dispersion law the electronic states
become a series of discrete Landau levels (LL) of en-
ergy EN = h!c(N + 1

2), with the cyclotron frequency
!c given by eB=mc. For dispersion curves shown in
Fig. 1 Landau levels demonstrate more complicated
behavior. For example at de�nite interval of magnetic
�elds, levels with smaller quantum number N move
downwards and intersect levels with larger N .

Here we report the measurements of the Shubnikov–
de Haas oscillations in a quasi-parallel magnetic �eld.
The behavior of the SdH oscillations cannot be ex-
plained in terms of a simple Landau fan chart. It is
important to take into account additional local minima
on the dispersion curve.

Fig. 2. Magnetoresistivity traces in parallel and tilted magnetic
�eld.

2. Experimental detail and results

The samples used are the GaAs-AlxGa1−xAs
parabolic quantum well grown by molecular-beam
epitaxy. After growth substrate with PQW was pro-
cessed into Hall bar. Four-terminal resistance and Hall
measurements were made down to 30 mK in magnetic
�elds up to 17T. The measurements were performed
with an AC current not exceeding 10−8 A. Resistance
was measured for di�erent angles between the �eld
and substrate plane in magnetic �eld using an in situ
rotation of the sample. The mobility of the electron
gas in the well is 65× 103 cm2=Vs, and concentration
ns in the dark is 3:9× 1011 cm−2. Three-dimensional
pseudocharge n3D is 2:1× 1016 cm−3 which corre-
sponds the classical width of the 3D electron gas
we = ns=n3D = 190 nm. This value is close to the geo-
metrical width of the well, therefore the energy spec-
trum of a parabolic well can be roughly approximated
by the spectrum of a square well.
Fig. 2 shows the magnetoresistivity traces in par-

allel and quasiparallel magnetic �eld. We see four
peaks due to the depopulation of the electric subbands.
Oscillations at strong magnetic �elds split into two
peaks, which we attribute to the two local minima of
the subband structure. A small additional perpendic-
ular �eld induces conventional Shubnikov–de Haas
(SdH) oscillations. Surprisingly, the SdH oscillations
are observed only on the top of the depopulation
peaks in the interval of magnetic �eld, when Fermi
level passes “pockets” in the dispersion law (Fig. 1).
We did not �nd any SdH oscillations in stronger
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magnetic �eld. This observation disagrees with the
conventional picture of the Shubnikov–de Haas oscil-
lations, which requires an exponential growth of the
oscillation amplitude with magnetic �eld. Assuming
that from the 1=B periodicity of the anomalous SdH
oscillations we can determine the electron density,
we obtain ns = 1:3× 1012 cm−2, which is 40 times
larger, then the expected value for such angle ns=cos �,
where ns is the total electron density determined from
the Hall measurements in the perpendicular �eld. To
explain this value we should take the angle �= 63◦

instead of 88:5◦. This di�erence is much larger than
the precision of the angle measurements ∼1◦.

3. Theory and discussions

In the following, we calculate the energy spectrum
of the two-dimensional electron in the wide square
well subjected to an in-plane magnetic �eld. We take
into account �rst-order perturbation theory. Treating
the terms in Hamiltonian due to the in-plane mag-
netic �eld as a small perturbation we can obtain the
�rst-order corrections to the energy of the each sub-
band [6]:

E = ˜2(kx − k0)2=2m+ e2BII(〈z2〉 − 〈z〉2)=2m
+˜2k2y=2m+ En; (1)

where 〈..〉 denotes the quantum-mechanical expecta-
tion of length z and z2 for the corresponding subband
with energy En, and k0 = eBII〈z〉=˜. We can see from
Eq. (1) that the symmetry E(kx) = E(−kx) is broken
for the asymmetric quantum well [5,6]. For the sym-
metric quantum well one should expect that 〈z〉= 0.
However, it is necessary to consider self-consistent
solution of the Poisson equation for the electrostatic
potential and the Schrodinger equation for the wave
function �(kx). In this case, the strong parallel mag-
netic �eld leads to the bending of the bottom of the
square well, and, consequently, shifting of the wave
function from the center of the well. The physical rea-
son for the appearance of the nonzero 〈z〉 is the follow-
ing. Consider electron moving parallel to the surface
with velocity vx. In the �eld directed along the surface
it experiences a force F = evxBII, binding it to the sur-
face. In the symmetric quantum well wave function
�(kx) is shifted to the left side of the well, therefore
〈z〉¿ 0, and �(−kx) is shifted to another side, and

Fig. 3. (a) Landau levels as a function of the B⊥. (b) Low �eld
part of the Landau fan chart. Vertical lines indicate intervals of
B⊥, when SdH oscillations are observed for di�erent tilt angles:
(1)− 88:5

◦
; (2)− 87:5

◦
; (3)− 85:5

◦
. Relative positions of the

Fermi level during subband depopulation are indicated.

〈z〉¡ 0. In this case for the symmetric square quan-
tum well:

E(kx; ky) = E(−kx; ky) = ˜2k2x =2m− �±kx
+˜2k2y=2m+ e2BII〈z2〉=2m+ En (2)

where �+¿ 0 for kx ¿ 0, and �− =−�+¡ 0 for
kx ¡ 0. We also see that the e�ect of BII is to make
E(kx; ky) anisotropic. We should note that for more
realistic model 〈z〉 is not constant and increases with
wave vector kx, because the magnetic force increases
with electron velocity, therefore, Eq. (2) is not valid
at small kx.
Now we discuss the e�ect of a small perpendicu-

lar �eld on the one hybrid subband. For simplicity,
we consider isotropic energy dispersion. The energy
levels in small perpendicular B are determined by the
following equation [7]:

EN = ˜!c[N − (=2 + 2N )1=2]; (3)

where = 2(�=˜!c)1=2; �= �2m=2˜2 — energy min-
ima in the center of the pocket of the dispersion curve
(2). From the self-consistent calculations it is found
that � ∼ 1–2 meV [4] at B ∼ 2–3T. Fig. 3(a) shows
the dependence of the energy levels (3) on the perpen-
dicular magnetic �eld. We see that at high magnetic
�eld the dependence E(B) resembles the conventional
Landau fan chart, however at small �eld it is di�erent.
Low �eld dependence of the Landau levels is shown
in Fig. 3(b). The levels at low �eld move downwards,
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pass minimum, and then move upwards. The Landau
levels with small quantum number N move down-
wards at higher �eld, and therefore intersect LL with
larger N , which already pass the minimum on the
dispersion curve. We believe that this behavior can
explain quantitatively our results. We cannot vary par-
allel and perpendicular components of the magnetic
�eld independently. Parallel component of the mag-
netic �eld leads to the rise of all the subband levels
due to the diamagnetic energy. Fig. 3(b) shows the
relative position of the Fermi level during this diamag-
netic shift. At the same time perpendicular component
of the magnetic �eld increases too. Vertical lines in
Fig. 3(b) shows the intervals of B⊥, when the SdH
oscillations appear in quasi-parallel �eld. Fermi level
intersects LL which are moving downwards during
the depopulation of the subband (the points of these
intersections are marked by the circles in Fig. 3(b)).
Landau levels moving upwards are not resolved due
to the broadening and can be seen as a background
with constant density of states. In experiments (Fig.
2) we �nd �ve oscillations in interval 1, 4 in 2 and
3 in interval 3, which is roughly consistent with the
number of circles in Fig. 3(b). At larger tilt angles the
levels moving upward become well resolved, and we
start to observe SdH oscillations in all interval of B.

In conclusion, we have observed anomalous mag-
netooscillations in quasi-parallel B, which appear in
the narrow interval of magnetic �eld. E�ect is due to
the Landau quantization of the states in the additional
local minima of the dispersion curve.

Acknowledgements

This work was supported by FAPESP and CNPq
(Brazilian agencies) and USP=COFECUB.

References

[1] J.C. Maan, in: G. Bauer et al. (Eds.), Two Dimensional
Systems, Heterostructures and Superlattices, Springer, Berlin,
1984, p. 183.

[2] E.G. Gwinn, R.M. Westervelt, P.F. Hopkins, A.J. Rimberg,
M. Sundaram, A.C. Gossard, Phys. Rev. B 39 (1989) 6260.

[3] K.F. Berggren, T.J. Thornton, D.J. Newson, M. Pepper, Phys.
Rev. Lett. 57 (1986) 1769.

[4] M.P. Stopa, S. Das Sarma, Phys. Rev. B 40 (1989) 10 048.
[5] G.M.G. Oliveira, V.M.S. Gomes, A.S. Chaves, J.R. Leite, J.M.

Worklock, Phys. Rev. B 35 (1987) 2896.
[6] T. Ando, J. Phys. Soc. Japan 39 (1975) 2.
[7] E.I. Rashba, Fiz. Tverd. Tela 2 (1960) 1224 [Sov. Phys.-Solid

State 2 (1960) 1109].


