
a

PHYSICAL REVIEW B 15 JULY 2000-IIVOLUME 62, NUMBER 4
Temperature dependence of the Aharonov-Bohm oscillations and the energy spectrum in
single-mode ballistic ring
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The temperature dependence of the amplitude of the Aharonov-Bohm~AB! oscillations in a single mode
ballistic ring has been measured. The experimental data is analyzed using the exact energy spectrum of an ideal
ring with a finite width and the Landauer-Bu¨ttiker formula to calculate the conductance of the ring. We show
that the temperature dependence of the AB oscillations can be explained in terms of the thermally averaged
transmission probability through the energy levels of the ring provided the additional charging energy is taken
into account. This demonstrates the effect of Coulomb repulsion on the AB oscillations in a ring
interferometer.
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I. INTRODUCTION

The electron interference phenomena in solid state st
tures have been extensively studied since the beginnin
1980s~for a review see Ref. 1!. Due to the progress in tech
nology in the past few years, it has become possible to
ricate ballistic ring interferometers.2,3 At low temperatures
the electron phase coherence in these structures is pres
on a length scale that is comparable to or larger than the
dimensions. This opens up the way for sophisticated exp
ments related to different aspects of the coherent trans
such as the recent ‘‘which-path’’ detector study carried
in Ref. 4. On the other hand, there still remain several ba
issues, which, while expected to be strongly dependen
the type of the transport involved~diffusive or ballistic!,
have so far been investigated only in diffusive rings. Th
for example, the temperature dependence of the Aharon
Bohm ~AB! oscillations in a single mode ballistic ring ha
yet to be studied.

It has been shown that in dirty rings where the transpor
diffusive there are, in general, two main mechanisms resp
sible for the temperature damping of the amplitude of A
oscillations. The first is associated with the loss of the ph
coherence, which at low temperatures is destroyed
electron-electron or electron-phonon scattering. The elec
phase coherence lengthLf determines the length scale
which the interference effects may be observed. If, with
creasing temperature,Lf becomes less than the circumfe
ence of the ring, the AB oscillations start to decay expon
tially. This has been demonstrated in earlier experiments
metal rings.5 The other mechanism leading to a reduction
the AB amplitude with temperature is ensemble ene
averaging,6 which dominates when the phase coheren
length is larger than the circumference of the ring. In cle
ballistic rings these two mechanisms are still valid but
behavior of AB oscillations with temperature is expected
be different. The phase coherence length in the ballistic
PRB 620163-1829/2000/62~4!/2624~6!/$15.00
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gime is much longer than that in diffusive samples and m
be comparable to or exceed the half circumference of
ring. Under these circumstances the temperature depend
of AB oscillations is largely determined by the ensemb
energy averaging, which in a ballistic ring is very differe
from the ensemble averaging in diffusive samples.

In this paper we report on measurements of the temp
ture dependence of the amplitude of AB oscillations in
single mode AlxGa12xAs/GaAs ballistic ring. We calculate
the exact energy spectrum of an ideal ring with a fin
width. This, combined with the Landauer-Bu¨ttiker formal-
ism, allows us to calculate the conductance of the ring
finite temperatures with no adjustable parameters. We fi
however, that the experimental temperature dependenc
not entirely consistent with this model. Reasonable agr
ment is obtained only if we include the additional electr
static energy associated with the capacitance of the ring.
influence of the Coulomb repulsion on the energy spec
and transport has been extensively studied in quantum
and is well known as the Coulomb blockade effect~see, for
example, Ref. 7!. Here, we demonstrate the importance
the Coulomb blockade for the AB oscillations in a ring i
terferometer.

II. EXPERIMENTAL RESULTS AND ANALYSIS

A. Experiment

The samples were fabricated on AlxGa12xAs/GaAs
modulation doped layers grown by molecular beam epita
~MBE!. The ring geometry was defined by electron bea
lithography and plasma etching~Fig. 1!. All active portions
of the device were covered by an Au/Ti gate. Devices of t
different types have been used. The devices of the first t
were fabricated on a heterolayer with a carrier densityns
5(1.522)31011 cm22 and a mobility m'106 cm2/V s.
2624 ©2000 The American Physical Society
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These devices had two pairs of voltage probes and were
signed for four-point measurements. The average radiu
the rings wasr 050.35mm and the lithographical width o
the channelsWlith50.5 mm. The devices of the second typ
had only the current probes. They were defined on a het
layer with ns5(526)31011 cm22 and m'5
3105 cm2/V s. The radius of the rings was the same,r 0
50.35mm, but the lithographical width of the ring channe
was lessWlith50.3 mm. The samples were mounted in th
mixing chamber of a dilution refrigerator. The resistance w
measured using conventional phase sensitive detection
an ac current of 1 nA.

Figure 1~a! shows a typical series of magnetoresistan
traces measured at different temperatures and used to c
late the temperature dependence of the amplitude of the
oscillations. These oscillations have a period correspond
to the threading of one additional flux quantumh/e through
the area of the ring. The regularity of AB oscillations in Fi
1~a! indicates that only a single one-dimensional subband
the interferometer channels is occupied. The samples w

FIG. 1. ~a! Set of magnetoresistance curvesRxx(B) for different
temperatures, from 40 mK to 1.2 K;~b! Fourier transform of the 40
mK curve. Insert: Schematic view of the samples and micropho
graph of the sample.
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very stable and the magnetoresistance curves reprod
perfectly during several hours of measurements. It was, h
ever, possible to change the state of the sample or, equ
lently, the waveguide characteristics of the ring by therm
cycling, illumination, or gate voltage and to evaluate t
temperature dependence in different states. The experime
data were then processed in the following way. First,
resistanceR(B) dependence was transformed into a cond
tanceG(B). Then the background, obtained by averaging
G(B) over 0.016 T wide bins, was subtracted, leaving on
the AB componentDGAB(B). After this a Fourier transform
was performed@Fig. 1~b!#. To quantify the size of the spec
tral peaks we integrated the spectral weights over the pe
breadth. This integral is proportional to the average am
tude ^DGAB(B)& of the AB oscillations. Figure 2 shows
typical temperature dependence of the amplitude of the
oscillations for the two samples investigated.

B. Analysis

In the following analysis of our experiment we assum
that the phase coherence length is larger than the circum
ence of the ring and the temperature dependence of the
oscillations can be explained by the temperature averag
alone. This assumption is based on the fact that in the or
nal two-dimensional electron gases~2DEG’s!, from which
the experimental structures have been made, the elec
mean free path is about 5mm, and so the phase coheren
lengthLf is expected to be at least as large. In a patter
sample these values may be smaller than those in a
2DEG. Nevertheless, in our structures we observe a num
of features that are associated with classical ballistic effe
~the quenching of the quantum Hall effect at low magne
fields and classical Hall plateau!. This indicates that the
mean free path is greater than the width of the volta
probes. In magnetic field up to 1 T we observe a gradua
decrease of about 30% of the longitudinal resistance, wh
we attribute to the suppression of backscattering at the
trance of the ring structure. This fact supports our assum
tion that the transport in our ring is ballistic or, at lea
quasiballistic~the mean free path is comparable to the ha
circumference of the ring!. Since in ballistic structures the
phase coherence length is comparable with the mean
path, we expect thatLf>2pr 0, wherer 0 is the average ra-
dius of the ring. It will be shown further that this assumptio
is also supported by other experimental evidence.

In order to analyze our experimental data we calculate
conductance of the ring at a finite temperature using
Landauer-Bu¨ttiker formalism:

G~EF ,B!52
e2

\ E T~«,B!
d f~«,EF ,T!

d«
d«. ~1!

Here T(«,B) is the magnetic field and energy depende
transmission from the left reservoir to the right,f («,EF ,T)
is the Fermi-Dirac distribution function, andEF is the Fermi
energy. The transmission coefficientT(«,B) of the ring can
be evaluated using the Breit-Wigner formula,8 whose valid-
ity has been demonstrated in the experiment on the elec
transport through a ballistic cavity in a strong magne
field.7 In our case the Breit-Wigner formalism should b
valid if the ring is considered as weakly coupled to the lea

-
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or, equivalently, if the ring resistanceR>h/2e2. The resis-
tance of the rings used in the experiment is about 13–15V
or higher, indicating that our use of the Breit-Wigner fo
mula is justified. The transport through the ring can then
viewed as a tunneling of electrons from one lead to the o
via a quasibound state in the ring.

The energy spectrum in the ring can be calculated us
the model proposed by Tan and Inkson,9 which gives an
exact analytical solution for the electron states in an id
ring with a finite width. In this model the 2D ring is define
by the following radial potential:

V~r !5a1r 221a2r 22V0 , ~2!

whereV052Aa1a2. For r close tor 05(a1 /a2)1/4 ~the aver-
age radius of the ring! this potential has a parabolic form

FIG. 2. Experimental temperature dependence of the ampli
of Aharonov-Bohm oscillations~black squares! for the four-lead
interferometer~a, b! and the two-lead interferometer~c!. The solid
line in each case correspond to the temperature dependence c
lated using the exact energy spectrum of the rings~Ref. 9!. The
dashed line in~a! is the temperature dependence calculated for
case when the Fermi energy in the four-lead ring is just below
bottom of the second subband~maximal energy level spacing!. The
thick solid line corresponds to the temperature dependence c
lated using Eq.~5! for e50.45. The dotted lines are fits to exper
mental curves with the Coulomb energyEC as an adjustable param
eter.
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V(r )' 1
2 v0

2(r 2r 0)2, wherem is the electron effective mas
and v0

25(8a2 /m). We assume that in our case a parabo
potential is a good approximation of the potential of the ri
conducting channels. The energy levels in magnetic field
given by

En,m5S n1
1

2
1

M

2 D\v2
m\vc

2
2

mv0
2r 0

2

4
, ~3!

where n50,1, 2, 3, . . . , m5 . . . ,22,21, 0,1, 2, . . . , M
5Am212a1m/\2, v5(vc

21v0
2)1/2, and vc5eB/m. Thus,

the energy spectrum is fully determined by the value of
average radiusr 0 and the harmonic frequencyv0. The aver-
age radius of the rings is known precisely from the period
AB oscillations. The harmonic frequencyv0 can be evalu-
ated from the 2D electron density in the channels of the r
using the method proposed in Ref. 10. The 2D electron d
sity in the channels is given by the positions of theRxx
minima in the quantum Hall effect~QHE! regime and is
always lower than the 2D electron density in the bulk of t
sample.

Using this approach we calculate the energy spectrum
both the four-lead and the two-lead rings as a function
magnetic field. We find that only the first radial subband
the interferometer channels is occupied in the four-lead ri
which is consistent with the observed regularity of the A
oscillations. In the two-lead ring the electron density
higher and so the Fermi energy is closer to the bottom of
second subband. We can now proceed to calculate the
perature dependence of the amplitude of the AB oscillati
in our rings. Following the Breit-Wigner formula the tran
mission coefficient of the ring is given by

T~«,B!5(
n,m

G2

@«2En,m~B!#22G2
, ~4!

whereEn,m are the energy levels in the ring determined
Eq. ~3! andG is the broadening of the energy levels due
the overlap between the bound states in the ring and
extended states in the leads. The broadeningG of the levels
determines the amplitude of the AB oscillations and in t
way can be found from the experiment. However, we fi
that the choice ofG has no effect on the temperature depe
dence of the amplitude of the oscillations.

The solid lines in Fig. 2 are the calculatedT dependence
of the amplitude of the AB oscillations. We see that t
theoretical model predicts a systematically stronger decre
of the amplitude of AB oscillations with temperature tha
found experimentally. This discrepancy is found to
present in all our devices and also in different states of
device. It cannot be explained by the phase coherence le
Lf being smaller than the circumference of the ring. On
contrary, whenLf,pr 0 the amplitude of AB oscillations
decreases even more rapidly with the increasing tempera
by the additional factor exp(2pr0 /Lf). Under these circum-
stances the only factor that influences the temperature de
dence of the amplitude of AB oscillations is the spaci
between the energy levels near the Fermi energy in the r

We find that the theoretical curves fit well the experime
tal dependences if we assume that the energy level spaci
0.5 meV for sample 1 and 0.65 meV for sample 2. Howev
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FIG. 3. ~a! The variation of the AB oscillations with the gate voltage in symmetric ballistic ring uniformly covered by a gate~b!
dependence of the energy level spacing in the two samples versus (EF2E0), whereE0 is the bottom of the first subband, andEF is constant,
determined from experiment~the dashed line is the value ofEF2E0 used in our calculation!.
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these values are nearly twice as large as those obtained
the energy spectra of the rings. As shown in Fig. 3~b!, the
energy level spacing increases withEF2E0 as
\A2(EF2E0)/m/r 0, whereE05 1

2 \v0 is the bottom of the
first subband in the ring. The level spacing reaches its m
mum when the Fermi level is just below the bottom of t

second subband (3
2 \v0) and then goes sharply down whe

the Fermi level moves into the second subband and the le
of the two subbands become intermixed. The Fermi ene
in our samples is fixed and can be determined exactly fr
the period of the Shubnikov–de Haas~SdH! oscillations in
the macroscopic part of the sample. From our calculation
the energy spectrum we find that in both our ringsEF is
close to the bottom of the second subband and hence
energy level spacing is near its maximum.

Moreover, we find that the predicted temperature dep
dence corresponding to the largest possible energy spaci
our rings (\v05 2

3 EF) still falls below the experimenta
curve @Fig. 2~a!, the dashed line#. This proves that the dis
crepancy cannot be explained by a possible insufficient
curacy of our estimation ofv0 and all the other parameter
in the model are determined independently and are w
known.

Fluctuations of the energy level spacing associated w
quantum chaos have been reported for single quantum d7

However, in our case we expect the level spacing to be re
lar as it is determined solely by the radius of the ring and
by the shape of the structure as in quantum dots. The re
larity of the AB oscillations is also an indication that the
are no fluctuations of level spacing in our rings. In additio
the averaging over magnetic field, which is part of our eva
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ation procedure to determine the temperature dependenc
the AB amplitude, would cancel the effect of energy lev
fluctuations if such exists. Since the resistance of our ring
higher thanRT5h/2e2, the charging energye2/C associated
with the capacitance of the ring may become important.11

At low temperature the conductance of a small sample
suppressed because of the charging energy. This phen
enon known as the Coulomb blockade has been widely s
ied in quantum dots.7 The Coulomb blockade strongly de
pends on the tunneling conductanceGT from the leads to the
dots and is suppressed whenGT.2e2/h.12 When the Fermi
energy of 2DEG in the source and drain is aligned with
energy level in the dot there is a peak in the conductance
the charging energy is the dominant energy in the system
conductance oscillates as a function of the gate voltage w
a period corresponding to a change by one in the numbe
electrons in the dot. For a quantum dot of radius 200 nm
Coulomb energyEC'1 meV. However, when the contac
resistance becomes lower thanh/2e2, EC decreases and goe
to zero. Since the spacing between the single particle en
levels in our rings is too small to explain the temperatu
dependence of the AB oscillations, we suggest that so
additional energy factor should be considered. It could be
charging energye2/C, whereC is the mutual capacitance o
the ring, which strongly depends on the environment. As
conductance of our samples is only slightly smaller thanGT ,
we can estimate the charging energy as being less tha
meV.

With this in mind, we calculate the temperature depe
dence of the amplitude of the AB oscillations in the rin
using as an adjustable parameter the charging energy, w
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we add to the energy level spacing just above the Fe
energy. Figure 2 shows the result of these calculations~the
dotted lines!. We find that the experimental results are co
sistent with the model forEC'0.1 meV. Considering tha
we are in a weak ‘‘Coulomb blockade regime,’’ this valu
seems quite plausible. The effect of Coulomb repulsion
the Aharonov-Bohm effect in quantum dots and rings h
been investigated theoretically in Ref. 13.

Figure 3~a! shows the modification of the AB oscillation
with gate voltage in our symmetrical rings covered by a
gate. We see that at certain gate voltages the amplitud
AB oscillations is indeed strongly suppressed. This is acco
panied by a change in the period of the oscillations fromh/e
to h/2e. Then, when theh/e oscillations reappear, thei
phase is shifted byp.

Several successive modifications like this have been
served in our samples in the operational gate voltage ra
Outside this range the amplitude of the AB oscillations b
gins to deteriorate until the oscillations die out complete
We explain this by the depletion of one of the ring chann
for large negative voltages or by the smearing out of the r
structure for large positive voltages. A detailed analysis
the above dependence of the oscillations on the Fermi en
based on the single particle spectrum of the ring@Eq. ~3!# is
published elsewhere.14 Since the Coulomb gap is smalle
than the single electron level spacing, the Coulomb effec
not directly observed in our samples. The reduction of
amplitude of the AB oscillations for intermediate stat
(h/2e oscillations! is mostly due to the reduction of the en
ergy level spacing. Also, because of the deterioration of
oscillations at strong negative biases we cannot explore
ring in a regime where the Coulomb blockade would
more pronounced. Nevertheless, when we add the Coul
energy to the single particle energy spectrum we obtai
weaker temperature dependence which is consistent with
experimental results.

We have to complete this work by comparison of o
experimental results with another theoretical approach of
one-dimensional ring: the scattering matrix theory. With
this approximation electrons are scattered by junctions
tween leads and ring, and the conductance of the rin
determined by the junction transmission amplitude, wh
forms the scattering matrix. The expression of the transm
sion probability for the single mode ring connected to curr
leads has been derived firstly in Ref. 15. The tempera
dependence of the Aharonov-Bohm conductance oscillat
by using scattering matrix theory has been studied in R
16 and 17. For the single channel case the conductanc
T50 K can be written in the form:

G~B!5
2e2

h U eQ

12b2Q2
1

eP

12b2P2U2

, ~5!
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where b5 1
2 (A122e11), P5eipq1, Q5e2 ipq2, q6

5Br0
2/26r 0AkF

2W2/p22p2, kF is the Fermi wave vector,e
is the coupling parameter, which is equal to 0 when the c
rent leads and the ring are decoupled, ande50.5 for strong
coupling limit. We calculate the temperature dependence
ing theS-matrix approach fore50.45. The results are show
in Fig. 2~a!. We see that in accordance with the theoreti
predictions16,17 the oscillation amplitude no longer decreas
with increasing temperature when the temperature is hig
than 0.6 K. We see also that the calculatedT dependence is
much weaker than found experimentally. In the limit of th
small e, as we can expect, theS-matrix approach gives an
exponential decrease with temperature, which, however
much stronger than that found experimentally. We have
note also that theS-matrix theory predicts saturation of theT
dependence of the AB oscillation amplitude atT.300
2400 mK,16,17 which is not observed in our experiments.

Therefore, we can conclude that the Breit-Wigner formu
is more appropriate to model theT dependence of the ampli
tude of AB. TheS-matrix approach predicts a very weakT
dependence in the single mode ring with relatively stro
coupling to the leads.16,17 The reason why theS-matrix
theory is not appropriate for modeling of an AB ring beha
ior is not clear to us at present. However, we should note
other authors experienced similar difficulties. For examp
the irregular behavior of the AB amplitude with magne
field observed in Ref. 18 can be described using the Br
Wigner formula together with the exact energy spectrum
the ring with a relatively strong coupling to the outside.9

III. CONCLUSION

In conclusion, we show that the temperature depende
of the AB oscillations in a single mode ballistic interferom
eter can be explained by the temperature averaging of
ring transmission coefficient. The only parameter that g
erns the temperature dependence of AB oscillations in
case is the spacing between the energy levels in the ring
the Fermi energy. We find, however, that our experimen
results imply a larger energy spacing than follows from t
exact single particle energy spectrum of the ring. This ad
tional energy may be due to the charging energy associ
with the capacitance of the ring. We thus demonstrate tha
a ring with a resistance larger thanh/2e2 the Coulomb en-
ergy can play an important role and modify the behavior
Aharonov-Bohm oscillations.
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